Abstract A systematic approach of using the distinct element method (DEM) to provide useful insights for tunnel support in moderately jointed rock masses is illustrated. This is preceded by a systematic study of common failure patterns for unsupported openings in a rock mass intersected by three independent sets of joints. The results of our simulations show that a qualitative description of the failure patterns using specific descriptors is unattainable. Then, it is shown that DEM analyses can be employed in the preliminary design phase of tunnel supports to determine the main parameters of a support consisting of rock bolts or one lining or a combination of both. A comprehensive parametric analysis investigating the effect of bolt bonded length, bolt spacing, bolt length, bolt pretension, bolt stiffness and lining thickness on the tunnel convergence is illustrated. The highlight of the proposed approach of preliminary support design is the use of a rock bolt and lining interaction diagram to evaluate the relative effectiveness of rock bolts and lining thickness in the design of the tunnel support. The concept of interaction diagram can be used to assist the engineer in making preliminary design decisions given a target maximum allowable convergence. In addition, DEM simulations were validated against available elastic solutions. To the authors' knowledge, this is the first verification of DEM calculations for supported openings against elastic solutions. The methodologies presented in this article are illustrated through 2-D plane strain analyses for the preliminary design stage. More rigorous analyses incorporating 3-D effects have not been attempted in this article because the longitudinal displacement profile is highly sensitive to the joint orientations with respect to the tunnel axis, and cannot be established accurately in 2-D. The methodologies and concepts discussed in this article, however, have the potential to be extended to 3-D analyses.
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Introduction
The distinct element method (DEM) is rapidly gaining in popularity for the analysis of the behaviour of tunnels excavated in jointed rock masses (Vardakos et al. 2007 ). However, until now, the method has not been used as a design tool but merely to verify the structural soundness of tunnel support systems (e.g. concrete lining, rock bolts, steel sets) designed via traditional empirical or analytical methods where the jointed rock mass is treated as a continuum and its mechanical properties are characterised according to classification systems (e.g. the Q-system; Barton et al. 1974 , the rock mass rating (RMR) ; Bieniawski 1983) which consider the influence of joints via a smeared approach disregarding individual joints. Hence, the benefit of using numerical methods like the DEM for the design practice has been marginal (Barla et al. 2013) . This article showcases a systematic approach where the DEM is employed in an active role in the design of tunnels in moderately jointed rock masses by means of which the main design parameters of supports made of either rock bolts or a lining only, or of a combination of both can be determined.
In a rock-tunnelling project, the engineer is normally tasked to support systems as economically as possible whilst still complying with a prescribed safety margin. In fact, the design must prevent any rock blocks from loosening and falling into the tunnel. The main support measures employed for jointed rock masses are rock bolts and lining (Hoek et al. 1995) . The choice and extent of support depends largely on the failure mechanism. In most cases, it is helpful to anticipate the failure pattern of the unsupported opening so that effective support measures can be undertaken. For jointed rock masses intersected by discontinuities, the design philosophy is different between sparsely and moderately jointed rock masses (Hoek et al. 1995) . For underground excavations in sparsely jointed rock masses with large joint spacing, stability is governed by key blocks whose shapes permit free kinematic movement into the opening. Failure involves either sliding or falling of key blocks. The study of key blocks has led to established analytical design procedures using stereographic projection techniques and block theory (Londe 1970; Goodman and Shi 1985; Goodman 1995) . The engineer can identify key blocks from rock joint surveys, and secure them using pre-tensioned bolts.
However, designs based on key blocks are not suitable for underground excavations in moderately to heavily jointed rock masses. Sliding of large wedge structures is not normally encountered, as maintained by Bawden (1993) and Hoek et al. (1995) . In contrast, failure usually involves ravelling or loosening of rock mass material into the excavation opening. This failure mechanism occurs in rock slopes as well (Utili and Crosta 2011a, b) . The failed material usually consists of numerous rock blocks. The complexity of the problem has led rock engineers to develop, for the purpose of routine design, rock mass classifications based on past field data, such as the rock mass rating (RMR) (Bieniawski 1983 ) and the Q-system (Barton et al. 1974) . At present, depending on the cost and the importance of the project, the distinct element method is used to verify the support measures recommended by the rock mass classification systems. In this article, we explore the capability of the DEM to help engineers to design the support system since the initial phase of the support design for rock masses with complex joint patterns.
Finally, as the DEM is becoming more widespread, methods to audit numerical calculations deserve urgent attention (Hudson and Feng 2010) . At present, confidence in the obtained results is largely drawn from case histories on which the DEM had been applied successfully (e.g. Barton et al. 1994; Bhasin et al. 1996; Vardakos et al. 2007) , rather than through thoughtful consideration of the actual engineering problem. Another objective of this paper is to provide a methodology for the validation of DEM simulations in order to increase the confidence of tunnel engineers in the use of the DEM as a numerical tool for the prediction of the tunnel behaviour.
DEM Analyses of Unsupported Openings
In previous published studies of failure patterns of jointed rock masses, most investigators, e.g. Yeung and Leong (1997) , Solak and Schubert (2004) and Solak (2009) modelled only two joint sets. In their results, the failure patterns showed limited variability, implying that support could be designed more efficiently, for instance more support could be installed at regions that are known to be more prone to failure. This research, however, is only worth pursuing if the trends obtained for two joint sets also hold true for jointed rock masses with more than two joint sets, which is the case for most jointed rocks encountered in civil engineering projects, e.g. Norwegian Olympic Ice Hockey Cavern at Gjøvik (Barton et al. 1994) ; The Shimizu Tunnel No. 3 located in Shimizu City (Vardakos et al. 2007 ); Gotthard highway tunnel (Zangerl et al. 2008) ; Lötschberg Base Tunnel (Delisio et al. 2013 ).
Numerical Analyses
In this exercise, complex jointed rock masses consisting of three independent sets of joints were modelled. Rock excavations with shallow cover depths ranging from 15 to 50 m have been reported in Dahlø and Nilsen (1994) , Barton et al. (1994) , Sjöberg et al. (2006) and Aksoy et al. (2010) . The tunnels and caverns of the on-going East Side Access megaproject under the Grand Central Terminal in New York are approximately 50 m below ground level (Metropolitan Transport Authority 2013). Therefore, the opening diameter and cover depth employed in the simulations were 10 and 50 m, respectively to represent typical values found in the tunnel practice. A plot of the numerical domain is shown in Fig. 1 .
All the 2-D simulations presented here were run using the 3-D DEM code YADE (Kozicki and Donzé 2008; Š milauer 2010) by restricting the degrees of freedom of the rock blocks in the-out-of-plane direction, so that the blocks were allowed to translate in the y-z plane only, and to rotate about the xaxis only. The algorithms employed for contact detection (see Boon et al. 2012 for details) and the algorithm used for block generation (see Boon et al. 2014 for details) are based on a new conceptual framework that makes use of convex optimisation and linear programming . The algorithm employed for block generation is capable of generating non-persistent rock joints so that block interlocking can be modelled. In the simulations performed here, we assumed that the discontinuities completely slice through any block that they reach, i.e. non-persistent discontinuities inside any intact block were assumed to develop fully such that the block is completely sliced. The rock blocks are assumed to be rigid. The contact law adopted for the rock joints is linearly elastic in the normal direction and linearly elastic perfectly plastic in the shear direction. After the rock blocks were generated, the in situ stresses were initialized: i.e. gravity and horizontal forces were applied onto the horizontal ''boundary blocks'' of the domain of analysis. Hydrostatic in situ stresses were assumed (K 0 ¼ r V =r H ¼ 1). Some damping was employed to accelerate the convergence of the rock mass under the initial loading to static equilibrium. During this generation stage, the same value of friction angle was assigned to all the joints, with the value being equal to the minimum friction required for the stability of the rock blocks. For cases in which the initial stresses are non-hydrostatic (Sect. 8.3), this value was derived based on the weakest joint: given the in situ K 0 value, a stress circle in the Mohr plane is drawn for every joint orientation, and the highest friction angle amongst them is selected (Jaeger et al. 2007 ). This ensures that the generated stresses are homogeneous within the domain. Then, the blocks in the excavation opening were removed and support was installed simultaneously. Note that the boundaries in the horizontal direction and at the base of the model were as far as 30 m from the opening (see Fig. 1 ). Stress measurements at the boundaries after excavation were found to be minimally affected. Table 1 provides a list summarising the failure patterns obtained for different joint orientations and joint friction angles. A total of 24 analyses were run. Our results for rock masses with three joint sets show that, by comparison to the case with two joint sets only (Yeung and Leong 1997; Solak and Schubert 2004; Solak 2009) , there is a significantly larger degree of freedom with which the rock blocks can move into the excavated openings, and more than one failure pattern may occur. Figure 2a shows the loosening of rock material at the roof. This is the more typical case of opening failure based on the experience from mining operations. For instance, in the Stability Graph Method (Potvin 1988) , an empirical method used for cable-bolt design, susceptibility of openings to roof falls has been rated based on gravity-induced effects and joint inclinations. However, for certain joint patterns, stability of the sidewall may be more critical than the roof. Figure 2b shows the loosening of material at the sidewall. From all the cases simulated, it emerges that none of the rock masses failed uniformly around the opening and a certain degree of anisotropy is present. Hence, we can conclude that it is important that in the design phase the engineer does not make assumptions with regard to specific failure patterns. As gathered from field observations by Mathews et al. (1983) , Potvin (1988) , Potvin and Milne (1992) and Nickson (1992) for the Stability Graph Method for cablebolt design, joints with steeper inclinations are more prone to failure. The results of our simulations show Fig. 2c and d ), which could be considered as counterintuitive; (2) nor does failure occur along just any particular two joint sets; (3) it is possible for all the joint sets to participate in the failure mechanism (see the outline of the falling material in Fig. 2e ).
Conclusions
From our analysis, it emerges that qualitative characterisation of the failure patterns using specific descriptions is unattainable. Let us consider for instance the roof failure in Fig. 2c . It is arguable that the failed material is bounded by joint sets, which subtend the largest acute relative angle; at the same time, it is reasonable also to claim that the failed material is sliding along the steepest joint set. Hence, for practical purposes, the qualitative description of failure patterns (e.g. Table 1 ) should not be taken too rigidly. A pedantic approach towards the qualitative study of failure patterns is unhelpful and can be misleading. Another crucial observation in this exercise is that, for the majority of joint patterns, more than one failure pattern took place at the same time. Concurrent failure patterns can be roughly categorised into three types. In the first case, two failure patterns occurred simultaneously and to approximately the same extent: for example, roof fall and sidewall failure (see Fig. 2f ). In the second case, the behaviour of the unsupported opening was dominated by one failure pattern only, whilst other minor gravity-induced rock fall were present (see Fig. 2g ). In the third case, initial falling or sliding of material led to more complex failure mechanisms. For instance, in Fig. 2h , the boundaries of the roof fall can be identified by a wedge shape; in this simulation, as the roof wedge slid off, the roof began to collapse from both sides of the wedge. In Fig. 2i , the failure mode evolved into a toppling mechanism, with material caving-in into the opening. When the orientations of two of the three joint sets were kept fixed, and the third set was varied, it was found that one of the failure patterns is affected (compare between Fig. 2j and Fig. 2k ); roof failure had taken place in Fig. 2j , whereas sidewall failure had taken place in Fig. 2k . The great differences observed in terms of failure patterns highlight the importance of accounting for the realistic joint geometry of the rock mass in the design phase. Hence, from this set of analyses it emerges that a parametric analysis of tunnel support systems based on two joint sets only would not be realistic because it gives rise to an oversimplified picture of the failure patterns. Rather, the actual number of joint sets has to be included in the engineering analysis. This is an important conclusion that practitioners need to include in their design practice.
As already mentioned in Sect. 2, spot bolting is normally used to support openings in sparsely jointed rock mass (Goodman 1989) , whereas systematic bolting is used in densely jointed rock mass (Barton et al. 1974; Bieniawski 1983) . In light of our results, it emerges that also for moderately jointed rock mass with more than two joint sets, it is necessary to use systematic bolting because of the sensitivity of the failure mechanisms to the joint patterns. Therefore, our results highlight the need for the use of systematic bolting in the construction of tunnels in jointed rock masses (Carranza-Torres 2009). Systematic bolting is nowadays a key component of tunnel construction methods such as the New Austrian Tunnelling Method (Rabcewicz 1964; Brown 1981) .
Numerical Implementation of Support Structures
Subroutines have been specifically written by the authors to model the support structures considered, rock bolts and lining, in the open source DEM code YADE (Kozicki and Donzé 2008; Šmilauer 2010) . These subroutines are called at every time step before the motion integration of the rock blocks (see Fig. 3 ). Considering a typical DEM calculation cycle, at any given time blocks occupy a certain position in space, from which contact forces between overlapping blocks are calculated. In a similar manner, based on the positions of the rock blocks, the subroutines calculate the forces resulting from block-support interactions from knowledge of their relative positions. Then, inertial forces on every block are calculated from knowledge of the contact and support forces acting on each block. Finally positions and velocities of the blocks are updated for the next calculation cycle.
Modelling of the Rock Bolts
Several rock bolt algorithms exist in the literature for discontinuum modelling. For every pair of mating rock blocks through which the rock bolt intersects at the time of installation, a spring is used to account for the restraint afforded by the bolt. A spring consists of a pair of anchor points, each of which is assigned to opposite mating rock blocks. An anchor point is fixed in the local reference frame of the rock block (to which it is referenced), so that it follows the motion of the reference rock block in global coordinates (see Fig. 4 ). The tensile force acting on the bolt is calculated from the elongations between the pair of adjoining anchor points.
The algorithm proposed by Lorig (1985) has been widely employed in DEM modelling since it was implemented into the commercial code UDEC (Itasca 2004). The model accounts for both axial and shear resistances at the bolts via two springs located at the discontinuity interfaces; the first spring is oriented along the bolt axis to model the axial resistance of the bolts, whilst the second spring is perpendicular to this axis to model the shear resistance contributed by the bolts. The anchor points are located one to two diameters away from the discontinuity interface into each of the mating rock blocks (see for example Fig. 4a , although the figure shows only axial springs).
Other algorithms proposed for discontinuum modelling assume that the restraint afforded by a bolt is predominantly resisted by its axial forces, whereas its shear resistance is ignored. Since the axial direction of the rock bolt changes locally with the relative displacements of the two mating rock blocks, the direction of the axial force in most cases gives rise to resistance to shear motion as well (see Fig. 4 ). In this regard, Garga and Wang (1993) proposed to assign an anchor point midway between the two end points in a rock block through which the rock bolt passes (see Fig. 4b ). This is similar to the algorithms used in Shi (1988) and Kim et al. (1999) , in that the anchor points are not intentionally placed close to the joints. Note that if the anchor points are assigned at the intersection between the rock bolt and the rock joints, as was proposed by Moosavi and Grayeli (2006) (see Fig. 4c ), the axial force of the rock bolt is directed along the mating joint for the case of pure shear displacements. In terms of bolt contribution to the shear resistance of the reinforced rock joint, this choice can model only the ''cohesion'' effect parallel to the rock joint and not the ''confining'' effect normal to the rock joint, according to the terminology used in Pellet and Egger (1996) . To capture both the ''cohesion'' and ''confining'' effects, either the models in Lorig (1985) or Garga and Wang (1993) have to be used. In our analyses, in order to investigate the sensitivity of the bolt forces to the choice of the location of the anchor points, we ran two types of simulations with the anchor points located either 1.2 diameters away from the rock joints (see Fig. 4a ) or midway between the rock joints (see Fig. 4b ). Results are presented in Sect. 5.
Since one of the purposes of this paper is to showcase the use of DEM as a tool in the preliminary phase of tunnel design, it is important to keep the number of variables at a minimum; therefore, the rock bolt model consists of an axial spring only, i.e. the axial resistance of the bolt is considered to be dominant over the shear resistance of the (a) (b) (c) Fig. 4 Rock bolts algorithms. Choices of anchor point located a at a prescribed distance from the block face, b midway inside the rock block, c at the rock joint interface. The initial and deformed configurations of a rock bolt intersecting a pair mating rock blocks are shown bolts that can be neglected. Moreover, the inclusion of the shear spring would require the determination of a suitable value for the bolt shear stiffness which in turn requires further assumptions on other variables of uncertain determination such as the Young's modulus of the grout material and the hole diameter for the grout. Furthermore, ignoring the shear component is a conservative assumption since larger displacements of the rock blocks are obtained. Finally, in the analytical solution of Pellet and Egger (1996) , it is highlighted that, after the onset of plastic hinges in the bolts (anchor points in our numerical model), the bolt segment crossing a rock joint can be considered, from a structural viewpoint, equivalent to a truss subject to an increasing axial force and a constant shear one. In this respect, it is worthy to note that the bolt shear resistance is commonly neglected in the finite element modelling of rock bolt support, based on the assumption that the displacements are fairly uniform around the opening. For instance, in Liu et al. (2009 ), Bobet (2009 and Bobet and Einstein (2011) bolts are modelled as truss elements able to resist tensile or compressive forces only.
In our DEM simulations, rock bolts were simulated by applying a force to every pair of rock blocks making up the bolted rock joint. The force, f, is applied at the anchor points, p 1 and p 2 (Fig. 4a) , and is oriented along the direction which connects them. The magnitude of the force, f, is based on their elongation:
where d init is the initial distance between p 1 and p 2 .
Modelling the Lining
In the literature, different methods have been used in the DEM to model lining supports for an underground opening.
A simple way to model the effect of lining support for a circular opening is to model the lining as a closed-chain of geometrical entities (e.g. circular particles), between which a strong bond exists to resist shear forces and moments (Funatsu et al. 2008 ) (see Fig. 5a ). However, in this method, the values for the bond stiffness are arbitrarily determined, i.e. their values cannot be related to the physical parameters characterising the support. Alternatively, the physical relationship between adjoining geometrical entities can be modelled by a linear beam model so that the structural properties of the lining in terms of axial and bending stiffness can be inputted in the model directly (see Fig. 5b ). This beam algorithm has been employed by Makurat et al. (1990) , Bhasin et al. (1996) and Chryssanthakis et al. (1997) , and has also been implemented in the commercial code UDEC (Itasca 2004). The internal forces of the lining are calculated based on the displacements and rotations of the geometrical entities (Case and Chilver 1971) . The geometrical entities are represented as nodes, i.e. circular DEM particles with zero radius but possessing a lumped mass. The forces acting at the lining-rock interface are modelled as contact forces between nodes and rock blocks.
The lining in this study was modelled as a series of nodal points around the excavation opening (see Fig. 5b ). Each nodal point was assigned a lumped mass. Figure 6 shows how the contact forces between lining nodes and rock blocks can be derived from the depth of penetration of the nodes into the rock blocks. The contact forces on the nodes (or lumped masses) are calculated in the same manner like any other DEM particle. These lumped masses were connected using linear beams that restrain the movement of the nodes due to the presence of the contact forces exchanged with the rock blocks (see Fig. 6 ). The method of approximating a non-linear geometrical shape through the interpolation of piecewise linear models is commonplace in engineering numerical analyses and provides accurate results, as long as the level of discretisation is sufficiently fine. In principle, more accuracy could be obtained using piecewise curved-beams. However, the error introduced from adopting linear beams is small compared to the idealisation of planar rock joints; in fact, natural rock joints are usually wavy and, depending on the geology, can be folded too. Because of the numerical artifice that a gap exists between nodes, the spacing between nodes was always kept smaller than the rock joint spacing. However, occasionally due to the way joints intersect in the proximity of the tunnel opening, there may be small rock blocks escaping between two adjacent nodes. Since the support lining is designed to remain in the elastic regime, the beams were assumed to be elastic, so that standard calculation procedures for framed structures were used to work out the internal forces of each beam segment (Case and Chilver 1971) .
Design of the Support System
The numerical models were generated based on the procedures detailed in Sect. 2.1. The cover depth and opening diameter here were assumed 20 and 10 m, respectively. Support was installed immediately after excavation, i.e. wished in place. At the same time, the reference (initial) positions of the rock bolts and lining nodes were assigned. In order to validate the numerical analysis against closedform solutions, the case of a circular tunnel subject to a hydrostatic stress field is herein considered. Further, the contribution to resistance from the tunnel face was assumed to be negligible.
An example case is herein provided to illustrate the use of the DEM as a design tool to model underground openings in jointed rock masses with support structures. The failure pattern for the unsupported opening is shown in Fig. 7a . The study begins with a support consisting of rock bolts only (Sect. 5), then of a lining (Sect. 7), finally considering a composite support made of both a lining and rock bolts (Sect. 8). The values adopted for the parameters in the numerical simulations are shown in Table 2 . In practice, these values can be determined experimentally or from field surveys.
Results for a Support Made of Rock Bolts Only
Validation of DEM Simulations with Rock Bolt Support Against Analytical Elastic Solution
In this section, the DEM calculations with rock bolt support are validated against the elastic solution proposed by Carranza-Torres (2009) for a circular opening excavated in a rock mass subject to a uniform stress field. In CarranzaTorres (2009), the axial stresses of the bolts are assumed to be smeared into the rock mass uniformly in both the circumferential and longitudinal directions. The elastic constitutive equations for both rock bolts and rock, together with the equilibrium equation expressed in terms of radial and circumferential stresses, can be rearranged into a single differential equation expressed in terms of a single unknown: the radial displacements. For sake of completeness, there is another analytical approach by means of which the rock bolt stresses could be estimated known as the shear-lag method in which the equations of equilibrium are derived for a single rock bolt (Li and Stillborg 1999; Bobet 2009 ). This method, however, has several shortcomings that have been discussed in detail by Bobet and Einstein (2011) . This method is not used in this validation exercise mainly because (1) the interaction between adjacent bolts is disregarded in its derivation and (2) the calculation requires as input the shear resistance at the interface between the rock bolt and rock mass; but the shear force acting along the bolt interface is often not known a priori, whereas the axial stiffness can be determined from pull-out tests as illustrated in Stillborg (1994) .
As shown in Carranza-Torres (2009), assuming that the opening is wished-in-place (i.e. lining installed immediately after excavation) and that the rock bolts are installed without pretension, the relative stiffness of the groundstructure can be characterised by the following dimensionless variable, b:
where s h (units: m) and s l (units: m) are the rock bolt spacing in the circumferential and longitudinal directions measured along the tunnel perimeter, and s mean is the mean joint spacing which is characteristic of the rock mass. The rock bolt radial stresses and convergence can be calculated from the general solution of the differential equation derived by (Carranza-Torres 2009) imposing the appropriate boundary conditions. A closed-form analytical solution was derived in Carranza-Torres (2009) for the case of continuous, homogeneous, and isotropic rock. To employ the solution on a heterogeneous jointed rock mass, first an equivalent shear modulus, G, of the jointed medium has to be calculated (see Eq. 3). There are several ways by which the elastic constants of a jointed rock mass can be estimated. A recent review of the analytical and empirical solutions proposed in the literature can be found in Zhang (2010) . The method illustrated in Goodman (1989) is used here as a first estimate, since this method (Duncan and Goodman 1968; Kulhawy 1978 ) is conceptually straightforward and could be used as a benchmark for other methods. In Goodman (1989) , considering a jointed rock mass with uniform joint spacing s mean , its equivalent elastic modulus E is approximated as:
with k n being the rock joint normal stiffness, whilst its equivalent shear modulus G can be approximated as:
with k s being the joint shear stiffness, where E i and G i are the elastic modulus and shear modulus of the intact rock material, respectively. Since rock blocks are rigid in our DEM simulations, the equivalent Young's modulus, E, reduces to:
whilst the equivalent shear modulus, G, to:
Equation (7) is used in the method of estimation denoted as G1 in Table 3 . Although the Poisson's ratio, v, is not necessary to determine the equivalent G, an assumption on its value is still required in the analytical solution derived by Carranza-Torres (2009). A Poisson's ratio of 0.2 was here assumed. Alternatively, the equivalent shear modulus can be calculated from the equivalent Young's modulus based on elasticity theory:
Substituting Eq. (6) into Eq. (8), we obtain:
This method for the estimation of the shear modulus (Eq. 9) is denoted as G2 (see Table 3 ).
A simple although approximate method to calculate the mean joint spacing, s mean , is to draw a straight line and divide its length by the number of times it intersects the rock joints. This method is analogous to measuring the total number of discontinuities in a scanline, from which the mean spacing can be calculated from its inverse (Priest and Hudson 1976) . Based on this procedure, the mean spacings along three radial directions were calculated (0.77, 0.83, 0.714 m). A mean spacing of 0.77 m corresponding to the average of the three calculated values was adopted.
The aforementioned approaches of approximating the elastic and shear moduli are strictly speaking valid only for regular joint patterns. Since the joint patterns here considered are far from regular (3 independent sets of random joints), it is evidently desirable to have a second alternative method to determine the elastic properties of the jointed rock mass. To this end, the authors performed a numerical 1D compression (oedometric conditions) on the model domain employed in the DEM simulations. In this test, a vertical stress p 0 = 662 kPa, equal to the stress value present at the tunnel centre, was applied on the top boundary of the domain with the lateral boundaries of the domain restrained in the horizontal direction. Unlike actual laboratory oedometer tests, the horizontal stresses acting on the lateral boundaries can be easily measured in DEM simulations, making the determination of the elastic constants possible. Assuming that the material is isotropic, from Hooke's law we derive:
where k is the Lame's constant. Substituting e 3 = 0 in Eqs. (10) and (11), we obtain:
from which the elastic shear modulus can be calculated. This third approach is denoted as G3 in Table 3 . The deformability approximated through these models could also be verified with in situ measurements routinely carried out in practice, such as the plate jacking test, the Goodman test and the plate loading test (Palmström and Singh 2001) , or through classification systems such as the Geological Strength Index (Cai et al. 2004; Hoek and Diederichs 2006) . The values of the shear moduli estimated via the three employed approaches are summarised in Table 3 . It emerges that the shear moduli estimated via approaches G1 and G2 differ by approximately four times. There are two possible reasons for this discrepancy. First, these methods were derived assuming ideal regular joint patterns so that when they are applied to random joint patterns, discrepancies between the two are likely to arise. Second, the normal to shear stiffness ratio, k n /k s , is a parameter subject to great variability depending on the rock type with scanty experimental data available. Bandis et al. (1983) run tests on five different types of rocks concluding that the k n /k s ratio of a rock joint varies with the level of normal stresses applied; however, for normal stresses greater than 0.2 MPa, the ratio can be approximated by a constant value equal to 10. Therefore, we adopted this value that is also consistent with the values adopted in several other DEM simulations of jointed rock masses (Shen and Barton 1997 ; Eberhardt et al. 
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1D compression test on the full domain (Fig. 1) 2004; Jiang et al. 2006; Hammah et al. 2008) . It is reassuring that the shear modulus, estimated using Eq. (12) via DEM simulations, falls between the values estimated by Eqs. (7) and (9). Other 1D-compression tests were under different conditions to check the sensitivity of the value of G determined via DEM simulations to the value of the friction angle adopted for the joints, the size of the domain of simulation and the direction of compression. In case a higher rock joint friction angle is assigned (G4 approach in Table 3 ), the effect on the determination of G is found to be marginal. This indicates that at the level of stress considered, the amount of irreversible (plastic) sliding between rock blocks is very small in comparison with the elastic displacements. With regard to the domain size, Ivars et al. (2011) showed that scale effects may be important; hence we ran 1D compression tests on different domain sizes. However, as in Staub et al. (2002) , similar deformability properties were obtained for the different sizes of the sampling domain that was investigated (G5 and G6 in Table 3 ). 1D-compression tests were also conducted along the horizontal direction (G7 and G8 in Table 3 ). In this case, the G values were found to be slightly higher than those obtained from vertical compression. Given the fact that the difference is small, it can be stated that the elastic properties of the DEM domain are fairly isotropic.
In Fig. 8a-c , the values of the axial bolt forces obtained from the DEM simulations of three different configurations of bolt reinforcement are plotted against the distance from the tunnel axis (see the symbols in the figures). The bolt forces are normalised by the ground pressure at the tunnel centre, p 0 , and the tunnel diameter, D (refer to Fig. 1 again for notation). The bolt configurations of the DEM simulations are shown in Fig. 9 . In Fig. 8a -c, the bolt forces predicted by the analytical elastic solution of CarranzaTorres (2009) for the values of shear moduli determined from the three approaches employed (G1; G2; G3; see Table 3 ) are plotted as continuous lines. The calculation of the bolt forces from the closed-form equations of CarranzaTorres (2009) is illustrated in Appendix 1. Some scatter between the analytical predictions and the DEM results is to be expected given the highly irregular joint patterns of the rock mass. In case of small spacing between rock bolts (11.25°), the DEM results compare fairly well with the elastic solution. However, the discrepancy increases for larger spacings (15°and 22.5°).
Note that the closed-form solution in Carranza-Torres (2009) assumes that the material is homogeneous and elastic, the bolts are evenly distributed around the opening, the initial stresses are uniform, and the presence of gravity is ignored. On the contrary, in the DEM models, the material is heterogeneous and inelastic, bolts are not installed at the invert of the opening, the initial stresses are hydrostatic, and gravity is present. Therefore, the good agreement obtained for small bolt spacing (11.25°) is very encouraging. In fact, the trend that the discrepancy increases as bolt spacing increases (11.25°, 15°and 22.5°) is also consistent with wellknown analytical solutions developed based on the convergence confinement method (Brown et al. 1983; CarranzaTorres and Fairhurst 1999) . According to the convergence confinement method, when the support pressure is below a critical value, the material around the opening becomes plastic. The thickness of this plastic zone increases as the support pressure is reduced. To put it another way, as the bolt spacing increases, the rock mass around the opening begins to exhibit plastic behaviour, so that the discrepancy with elastic solutions is expected to increase.
Influence of Bolt Bonded Length, Spacing, Length and Pretension
In the design of rock bolts, length and spacing are the chief parameters of concern, because they are directly related to the cost of support. This section shows how the length and spacing of the rock bolts can be determined using the DEM not just as a verification tool to be employed after the design phase but as a proper design tool. A particular rock bolt specification has to be considered as the starting point for the iterative design procedure hereafter illustrated. From Stillborg (1994), for a 20-mmdiameter steel bar with ultimate tensile strength of 180 kN, the axial stiffness obtained by pulling two blocks of concrete apart is approximately 0.1 GN/m. This test is more representative of field conditions for a rock mass intersected with discontinuities. In this exercise, a more conservative bolt specification of harmonic steel was used as a first case, i.e. 28 mm, and the axial stiffness was assumed to correspond approximately to 0.2 GN/m. In practice, this value is provided by the bolt manufacturer. Some bolt suppliers may specify only the grade and Young's modulus of the steel. But for a jointed rock mass, the axial stiffness of a bolt across a rock joint is the most important parameter. As a starting point, a dense support system was modelled, i.e. long rock bolts with small spacing (see Fig. 7b ). This configuration, consisting of 21 bolts each 7 m long with spacing of 11.25°around the crown and springing, was chosen as the reference configuration.
First the influence of the length of bonding of the bolts was investigated. Two values of bonded length were considered. In the first one, the bolt anchor points are placed 1.2 bolt diameters away from each joint (see Fig. 4a ) as in Lorig (1985) . In the second one, the anchor points are placed midway between the two points at which the rock bolt intersects the rock block (see Fig. 4b ) as in Garga and Wang (1993) . In Fig. 10a, b the results of the two numerical implementations are compared in terms of maximum normalised bolt forces and displacements for the reference bolt configuration (see Fig. 7b ). From the figures, the results calculated for the two values of bonded length are very close-the largest percentage difference being 8.1 and 4.0 % for bolt forces and displacements, respectively. In all the analyses presented hereafter, the anchor points were placed close to the joints, i.e. with an offset distance of 1.2 diameters away from each joint (see Fig. 4a ).
In Fig. 11 , the distribution of the axial force acting in each rock bolt normalised by the maximum value of force (in each bolt) is plotted against the distance from the tunnel centre for the reference configuration (7 m long with spacing of 11.25°). Figures 9a and 11 show that most of the forces follow a common pattern: all the curves reach a peak and then tail off away from the excavation opening. Also it can be noted that the bolt forces are roughly constant Fig. 8 Comparison of DEM calculations against analytical solutions proposed by CarranzaTorres (2009) for bolt configuration: a 7 m length 11.25°spacing (Fig. 9a) , b 4 m length 15°spacing (Fig. 9c) , and c 4 m length 22.5°spacing (Fig. 9c) . The averages were taken between r/a intervals of 0.1. Shear moduli (G1, G2 and G3) were estimated using approaches summarised in Table 3 beyond 1.8 times the tunnel radius (4 m) from the tunnel centre (see Fig. 11 ). Moreover, significant scatter of bolt forces can be observed. The most obvious source of scatter is because the rock joints are non-uniform, and the geometrical properties of the rock joints (i.e. spacing, orientation and extent) follow probabilistic distributions.
In the second configuration (see Fig. 9b ), 4 m long bolts were considered and the bolts below the springing of the opening were removed. A parametric analysis for increasing bolt spacing was then conducted with spacing of 15°and 22.25°(see Fig. 9c, d) . From the results, it emerges that bolt forces and displacements increase marginally when the spacing is increased from 11.25°to 15°(see Fig. 12a, b) . Instead, when the spacing is increased from 15°to 22.25°, bolt forces and displacements increase significantly. Also significant ravelling of rock blocks occurs between the bolts (as shown previously in Fig. 9d ), indicating that a bolt spacing of 22.5°or greater would be unsafe. In Fig. 13 the trends of bolt forces and displacements at the crown versus bolt spacing are plotted.
An interesting observation is that the maximum bolt forces, F, when normalised by the product of characteristic pressure, p 0 , and bolt spacing, a0 b , are roughly similar for different values of bolt spacing (see Fig. 14a ). The results indicate that the normalised forces (F/p 0 D0 b ) decrease slightly as the bolt spacing increases. This trend was confirmed by repeating the analyses for different joint patterns (see Fig. 14b, c) . For the ideal case in which the rock bolts are uniformly distributed and the far-field stresses isotropic, the product of pressure and bolt spacing (p 0 a0 b ) can be interpreted as the upper bound load per bolt.
Although pretension is not present in the rock bolt recommendations for rock mass classifications such as the RMR system (Bieniawski 1983 ) and the more recent version of Q-system (Barton 2002) , it is common practice in several countries to introduce pretension in rock bolts (Liu et al. 2009 ). Therefore, we examined the influence of pretension. Analyses were run for various values of pretension uniformly applied to all the bolts. From Fig. 15a where the normalised radial convergence is plotted, it emerges that pretension is effective at reducing radial displacements. For bolt pretension of 100 and 150 kN, the displacements around the opening is found to be more uniform; the differential displacements between the crown and the springing are smaller. Nevertheless, in terms of overall displacements, the influence of pretension is found to be minor. Also using pretension leads to an b Fig. 9 Several trials of rock bolt configurations. a First trial: long and dense bolt pattern (length 7 m, spacing 11.25°), b second trial: lengthincrease of bolt forces (see Fig. 15b ) which in turn may lead to the need for bolts with higher yield limits. From the performed analyses, it can be concluded that 4 m long bolts placed at 15°spacing can be considered a suitable design configuration. In this particular example, it seems that pretension is not advantageous because of its limited benefit. To examine this conjecture, simulations were run for larger bolt spacing (22.5°), with either bolts of longer length or higher pretension applied. From Fig. 16a , it emerges that increasing the bolt length from 4 to 7 m does not induce a significant change of displacements; from Fig. 16b , it emerges that although introducing pretension of 150 kN results in smaller displacements, the bolt forces increased substantially so that bolts with higher yield limits would have to be used. Moreover, the ravelling of rock blocks between bolts persists as shown in Fig. 17 . Hence, it emerges that pretension is only effective at controlling displacements locally around the bolt. The results show that the use of a larger bolt spacing counterbalanced by longer bolt lengths or higher pretension is not an effective design measure.
A Note on the Variability of Ground Properties and Rock Bolt Forces
It is important to point out that the results of the previous analyses are unable to predict precisely the values of the (a) (b) Fig. 10 Comparison between two rock bolt node choices in terms of a maximum bolt forces, and b normalised convergence Fig. 11 F/F max versus ratio of radial distance from tunnel centre over tunnel radius for each bolt employed. The average was calculated over r/a intervals of 0.1 actual bolt forces in the field, because a joint pattern generated numerically from a statistical input is analogous to a random sample. For a rock mass intersected by a large number of rock joints, the rock joints are characterised using probabilistic distributions for design purposes. This is in contrast to sparsely jointed rock masses where the exact spatial coordinates and orientations of the joints can sometimes be deterministically measured, in which case the most critical cross-section of the underground excavation is analysed in the numerical modelling. To put it another way, a joint pattern generated from statistical input data is only one of the many possible engineering outcomes. To reduce the level of uncertainty in this calculation, the engineer can repeat the simulations using different ''samples'' generated from the same statistical input. Depending on the in situ stress ratio, the number of joint sets and their relative spacing and extents, the assumption of an equivalent isotropic medium may be acceptable for engineering purposes, in which case one can fairly assume that the forces experienced in the bolts are independent and non-correlated, the data from the different numerical ''samples'' can be merged to increase the sample size, i.e. the number of calculated bolt forces. A large sample size can estimate the distribution of the ''population'' better and less scatter in the distribution of the calculated bolt forces can be expected. A simple way to visualise scatter is via frequency histograms. In Fig. 18 , the histograms of maximum bolt forces for three different ''samples'' of joint patterns are plotted. The data obtained from the three samples can be analysed using statistical tools as shown in Fig. 18d . Note that the fitting of statistical distributions was conducted on the raw data rather than on the histograms. In most situations, the distribution can be modelled as a normal distribution. In this example, the mean of the normalised maximum bolt forces is 0.03 and the standard deviation is 0.009.
(a) (b) Fig. 12 Influence of bolt length (7 and 4 m) and spacing (11.25°; 15°; 22.5°) on a maximum bolt forces and b displacements Instead of merging the data, one can analyse the bolt forces from different simulations separately. One way is to calculate the confidence intervals for each statistical distribution. Alternatively, if a probability distribution is a function of a parameter v, this parameter can be treated as a random variable and updated recursively using techniques such as Bayesian estimations (Montgomery and Runger 2010) . Bayesian estimation techniques can also take into account prior information of the ground obtained from previous projects where the local geology is similar.
Results for Support Made of Lining Only
Comparison with Elastic Solution for an Opening with Lining Support
As in the case of rock bolt support, DEM simulations for a lining support are first validated against analytical solutions. The elastic solution employed for this purpose is taken from cavity expansion theory for an elastic medium, assuming that the opening is supported by a thin-walled cylinder (Crandall et al. 1978) . Based on the theory for thin-walled cylinders, the axial forces in the lining can be calculated as (see Appendix 2 for derivation):
where E L is the elastic modulus of the lining, K L is the stiffness at the rock-lining interface, t is the lining thickness, a is the opening radius, G is the ground shear modulus and p 0 is the ground characteristic pressure. The three values of the equivalent shear modulus for the jointed rock mass calculated in Sect. 5 (G1; G2; G3 in Table 3) were employed in the DEM simulations. Figure 19a (c) Fig. 14 Maximum bolt forces normalised against tangential spacing for different bolt length (7 and 4 m) and spacing (11.25°; 15°; 22.5°): a joint pattern from central analysis, whilst b and c are derived from joint patterns generated from the same statistical properties
The averaged values are plotted and compared for a wider range of interface stiffness in Fig. 20 . The comparison is encouraging, in that the DEM solutions obtained for large values of the interface stiffness are bounded between the elastic solutions based on the estimated shear moduli (refer to Table 3 ). Instead, for low interface stiffness, the axial forces calculated by the DEM simulations are higher than the elastic solutions. This is reasonable because, in case of low interface stiffness, plastic displacements between rock blocks are likely to take place, thereby increasing the pressure on the lining. Note that Malmgren and Nordlund (2008) An understanding of the influence of the bending stiffness of the lining on the tunnel behaviour can help the engineer to design the lining cross-section. If reinforced concrete is used, an understanding of the influence of bending stiffness also helps the engineer to evaluate the consequence of cracking which normally causes a reduction of the bending stiffness of the lining. The reduction of bending stiffness is also a simplified way to consider the influence of radial joints in segmented linings (Muir Wood 1975) . Figure 21b shows that, for decreasing bending stiffness, the lining experiences smaller bending moments. Herein, bending moments that are sagging inward into the opening are taken as negative. The result that the support load is proportional to the support stiffness is consistent with common engineering knowledge. The same trend was obtained by Steiner and Markus (1996) for openings subjected to anisotropic in situ stresses using the closed-form equations proposed by Einstein and Schwartz (1979) for tunnel design. From the DEM analyses shown in Fig. 21a , the axial forces were found to generally increase also with bending stiffness. This finding is logical because a higher bending stiffness will impose larger constraints on lining deformations. This finding also agrees with the analyses conducted by Son and Cording (2007) using UDEC (Itasca 2004) for an intact elastic rock mass.
Results for a Composite Support Made of Rock Bolts and Lining
It is of great interest to the tunnel engineer to design tunnel support systems based on sound numerical modelling and engineering judgement. In general, a suitable support system should be designed to so that the stresses within bolts and lining remain below the yield limit. The thicker is the lining, the lower the bolt forces and the smaller the convergence are expected (see Fig. 22a, b) . The axial forces and bending moments on the lining increase for increasing lining thicknesses (see Fig. 23a, b) . In this example, the benefit of introducing a 0.01D thick lining to an unlined opening is significant, reducing ground convergence by almost half (see Fig. 22b ). A subsequent increase in lining thickness reduces further the opening convergence, but to a lesser extent. From a cost-benefit viewpoint it looks like a 0.01D (10 cm) lining can be considered as favourable in this example, unless a smaller convergence is desired.
Interaction Design Diagram
In general, the optimal bolt configuration and lining thickness is a function of the desired target convergence. The design of support consisting of both rock bolts and lining is a rather complex problem, since there are two ways by which ground convergence can be controlled, either by the rock bolts or by the lining. The design procedure illustrated in Sect. 7 attempts to find the optimal lining thickness, starting from a particular rock bolt configuration. Equally, it is also possible to start from an input lining thickness and work out the optimal rock bolt configuration. If either of the two procedures are repeated for different combinations of lining thickness and rock bolt spacing, the results are well summarised by an interaction diagram (see Fig. 24 ) where contours of tunnel convergence are plotted in the bolt spacing-lining thickness plane. The engineer can use this interaction diagram to make the optimal design decision given a target maximum allowable convergence. Also the diagram can help the engineer to gauge the effectiveness of introducing an ''increment'' of either rock bolt support or lining support. The choice for the optimal combination between lining and rock bolts depends on the cost of the two options which may vary over time and is a function of several factors such as the country where the tunnel is built and many site specific variables such as the cost of local labour, the cost of material haulage, etc. The interaction diagram plotted in Fig. 24 is meant to be used by the tunnel engineer as a technological design chart providing the possible combinations of rock bolt intensity and lining thickness (the locus of points on a contour line) to keep the convergence within a specified limit. The design chart accounts for the mechanical response of the tunnel for a variety of possible support systems but does not account for the associated costs. The choice amongst the possible combinations of input values giving rise to the same amount of convergence, i.e. the amount of rock bolt versus lining thickness, will be done by the engineer accounting for the costs required for rock bolt and lining installation. Since the costs are site specific, the choice will be site specific too. In this paper, this technique is illustrated for the case in which the opening is wished-in-place, however, the procedure can be repeated for any case where the support is installed at any time after excavation by adopting an appropriate fictitious support pressure accounting for the effect of tunnel advancement (Wang et al. 2014 ). The interaction diagram (Fig. 24) suggests that for lining thicknesses of 0.02D or greater, the contribution of rock bolts is marginal so that the ground convergence is mainly resisted by the lining. In this example, a good choice to ensure a balance in terms of the relative contributions of lining and bolts to preventing tunnel convergence is the adoption of a 0.01D (10 cm) thick lining with 15 spacing between rock bolts. The annotations in red are the results obtained from using different bolt stiffness, and they are discussed in the next section. Note that similar diagrams could also be used to display the contour of other variables of interest, such as maximum bolt forces or lining stresses to verify they are below specified limits.
In principle, an interaction diagram can be generated for each block geometry (related to Sect. 6). However, to optimise the number of simulations, the desired rock support combination could be determined first for a particular block geometry. Then, for the most representative block geometry, a statistical approach to address block geometry sensitivity could be carried out as illustrated in Sect. 6. But, (a) (b) (c) Fig. 19 Comparison between elastic solution for lining axial force and beam forces recorded between lining nodes in DEM calculations for different liningrock interface stiffness a 1 MPa/m, b 0.1 GPa/m, c 1 GPa/m. Shear moduli were estimated using the approaches summarised in Table 3 Fig . 20 Comparison between DEM calculations and elastic solutions on lining axial force for different lining-rock interface stiffnesses if a more rigorous analysis is considered necessary, an interaction diagram can be obtained for every block geometry generated, which could be later consolidated together based on the mean.
Finally, in this paper, we do not consider the influence of creep on tunnel convergence which can be significant for certain types of squeezing rocks (see for instance Barla et al. 2011) . However, there is no conceptual difficulty in including creep in DEM simulations by either prescribing time-dependent rheological laws to the rock blocks from experimentally determined constitutive laws (Barla and Debernardi 2009) or calibrating time-dependent contact laws reflecting the time dependent rock behaviour observed at the meso-scale. In this way, it is possible to produce interaction diagrams providing the value of tunnel convergence at various times and accounting for the effect of construction sequence (Wang et al. 2013; Carranza-Torres and Fairhurst 2000) . To relate the longitudinal displacement profile to 2-D, the engineer may approximate the traction loss or preconvergence in 2-D from 3-D 
Influence of Rock Bolt Stiffness
Like any other composite structure, the load distribution between the materials depends on their relative stiffness. Therefore, if the stiffness for the rock bolts is reduced, the bolt forces will reduce correspondingly (see Fig. 25a ); and the loads (axial forces and bending moments) on the lining will in turn increase, as shown in Fig. 26a , b. In this example, the considered changes in bolt stiffness (2/3 K a and 3 K a ) influence the tunnel convergence and lining loads only very slightly. An estimate for changing the stiffness values can be obtained from the interaction diagram plotted in terms of dimensionless groups. Note that the dimensionless bolt axial stiffness depends on both bolt spacing and bolt stiffness, and it is possible that two different bolt configurations have the same dimensionless value. The results obtained for bolt stiffness of 2/3 K a and 3 K a are plotted in the interaction diagram (see Fig. 24 ) in red. It is important to warn that the final design should still be verified against a numerical simulation run for the design values of the support system because errors from extrapolating the optimal values for lining and rock bolt support from an (b) (a) interaction diagram built by performing a finite number of numerical simulations unavoidably can be significant, particularly when the ground convergence is sensitive to small variations of the support. This is the case in the regions of the diagram where a high gradient of the convergence contour lines exists (see Fig. 24 ).
Influence of In Situ Stresses
Uncertainties on the ground data obtained from site investigation and/or geological variability can lead to significant discrepancies between the ground response predicted by the numerical model and the one observed in situ. So it is useful to investigate by parametric analyses the influence that in situ stresses can have on the rock bolts and lining, respectively which is summarised in Figs. 27 and 28. When the coefficient of lateral pressure, K 0 , is smaller than 1.0, the crown experiences larger displacements compared to the springing (Fig. 27b) . In contrast, for higher K 0 values, the springing experiences larger displacements. In this example, it turns out that in case of anisotropic in situ stresses, the bolt axial forces (Fig. 27a) remain close to the values determined in the hydrostatic case. However, let us emphasise that this observation on the bolt forces is not universal and may be true only for the particular joint patterns here considered. For K 0 = 1.5, the crown and invert of the lining experience larger axial forces (see Fig. 28a ).
Conclusions
Several 2D DEM analyses were performed to identify the potential failure mechanisms occurring in the excavation of a circular unsupported tunnel in a rock mass intersected by three independent sets of joints. The results of our simulations show that (1) failure does not always occur along the steepest joint set, which is rather counterintuitive; (2) nor does failure occur along just any particular two joint sets; (3) it is possible for all the joint sets to participate in the failure mechanism; (4) the failure mechanisms are numerous. Therefore, it emerges that the prediction of the exact failure location is unlikely to be successful in practice since the failure location is highly sensitive to the joint patterns and there could be more than one failure mechanism taking place at the same time. Therefore, a qualitative description of the failure patterns using the same specific descriptors in a universal manner (i.e. for all types of rock joint patterns) is unattainable. Hence, the study underpins the conventional geotechnical practice of supporting a large circumference of the tunnel opening for moderately to heavily jointed rock masses.
It has been shown that DEM analyses can be employed in the design phase of tunnel supports in order to determine the main parameters of supports consisting of rock bolts, one lining or a combination of them. A comprehensive parametric analysis was run investigating the effect of bolt bonded length, bolt spacing, bolt length, bolt pretension, bolt stiffness, lining thickness on tunnel convergence for different in situ stresses. The use of numerical methods for the design of the tunnel support represents a significant step forward from traditional empirical or analytical methods which use rock mass classification systems (Barton et al. 1974; Bieniawski 1983) to characterise the mechanical properties of the rock which is treated as an equivalent continuum and therefore cannot adequately capture the behaviour of the rock mass especially in cases where the geology deviates significantly from the dataset of site investigations employed to establish the ratings of the classification systems.
The results of the DEM simulations were compared with elastic solutions. To the authors' knowledge, this is the first verification of DEM calculations for supported openings against available elastic solutions. For the purpose of comparison with elastic solutions, the equivalent shear modulus of the jointed rock mass and rock bolt elastic modulus had to be determined. Estimates for the shear modulus were obtained using standard solutions to make a consistent comparison. No attempt was made to modify the assigned input to improve the comparison. The comparison was encouraging when sufficient support was provided. Although the models employed here are simple, this is believed to be an important milestone, because it suggests that future work using more complex models is feasible.
Finally, we proposed the use of an interaction diagram to evaluate the relative effectiveness of rock bolts and lining thickness in the design of the tunnel support. The engineer can use this interaction diagram to make the optimal design decision given a target maximum allowable convergence. The choice amongst the possible combinations of input values giving rise to the same amount of convergence, i.e. the amount of rock bolt versus lining thickness, will be done by the engineer accounting for the costs required for rock bolt and lining installation. Also the diagram can help the engineer to gauge the effectiveness of introducing an ''increment'' of either rock bolt support or lining support on an existing support. Therefore, this framework sets out opportunities for investigating important problems in rock tunnelling, in which the composite support system (rock bolts and lining) is considered to be one of the governing variables.
The concepts and approach proposed in this paper have only been illustrated in 2-D plane strain and for the case of a wished in place support. Therefore, the analyses presented are consistent with the practice of most design standards (Federal Highway Administration 2009; British Tunnelling Society 2004) , in which well-known solutions proposed by Muir Wood (1975) and Einstein and Schwartz (1979) are still widely used to-date in the preliminary design stage. Therefore, a direct comparison with these analytical solutions can be readily made by practitioners. Like the closed-form solutions of (Muir Wood 1975; Einstein and Schwartz, 1979) , the analyses presented in this article are plane-strain, with 3-D effects being neglected. This implies for instance the neglect of the progressive loss of strength of the rock mass as the excavation proceeds, and rock movements due to the 3D shape of the blocks. However, the approach and concepts discussed in this article could be developed further employing, for the final design stage, 3-D DEM models which are able to capture the influence of different excavation stages and rock joint orientations relative to the tunnel axis realistically. 
where n b is the number of rock bolts assuming that the bolt pattern covers the entire circumference, a is the opening radius, s l is the bolt spacing in the longitudinal direction of the tunnel (tunnel axis), A b is the cross-sectional area of the bolt, E b is the Young's modulus of the bolt, and G is the shear modulus of the rock mass. Substituting a into b, we obtain:
where s h is the bolt spacing in the circumferential direction, L b is the characteristic length of the bolt put into tension across the rock discontinuities (or the mean distance between reinforced rock joints along the bolt direction), s mean is the mean rock discontinuity spacing, and K a is the bolt stiffness acting across a rock joint which can be derived experimentally based on the procedures recommended by Stillborg (1994) . Note that the assumption of E b A b = K a s mean is conceptually consistent with the equations that are used in Goodman (1989) to derive the deformability of a jointed rock mass from knowledge of the rock joint stiffness (Eqs. 6 and 7). In order to calculate the bolt forces from Eq. (15) The expressions to calculate the axial lining forces are hereafter derived. For an elastic medium of shear modulus, G, subjected to isotropic pressure, p 0 , under plane-strain conditions the radial displacements for an opening of radius, a, can be calculated through the expression:
where Du ground is the radial displacement and Dp is the internal support pressure. The hoop strain of a thin-walled cylinder subjected to an external pressure is:
where t is the thickness, E L is the Young's modulus and v L is the Poisson's ratio of the cylinder. The radial displacement of the lining, Du lining , can then be calculated as:
In the algorithm to model lining support, the pressure exchanged between the lining and the ground is calculated from the penetration distance, Du node , of the lining nodes into the ground (see Fig. 29 ). The penetration distance can be expressed as:
where K L is the contact stiffness between the ground and lining. The displacements have to satisfy the following compatibility equation:
Combining the equations and ignoring m 2 L to be consistent with the DEM models, we obtain:
Then, knowing that N = aDp, we can deduce the expression for the axial force provided in Eq. (13).
